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ON CLOSED ORIENTED SURFACES IN THE 3-SPHERE
GIOVANNI BELLETTINI, MAURIZIO PAOLINI, AND YI-SHENG WANG
Abstract. In this paper we study embeddings of 3-manifolds with connected
boundary in S3 or, equivalently, embeddings of oriented connected closed sur-
faces in S3. We develop a complete invariant, the fundamental span, for such
embeddings, which generalizes the notion of the peripheral system of a knot
group. From the fundamental span, several computable invariants are de-
rived, and they are employed to investigate handlebody knots, bi-knotted sur-
faces and the chirality of a knot. These invariants are capable to distinguish
inequivalent handlebody knots and bi-knotted surfaces with homeomorphic
complements. Particularly, we obtain an alternative proof of inequivalence
of Ishii et al.’s handlebody knots 51 and 64, and construct an infinite family
of pairs of inequivalent bi-knotted surfaces with homeomorphic complements.
An interpretation of Fox’s invariant in terms of the fundamental span is also
discussed; we use it to prove the chirality of 942 and 1071, which are known to
be undetectable by the Jones and HOMFLY polynomials.
1. Introduction
The knot group pi1(K)—the fundamental group of the complement of a knot
K ⊂ S3—is one of the most powerful and influential knot invariants. A celebrated
theorem of Gordon and Luecke [16] asserts that knots are determined, up to mirror
image, by their complements; that is, if two knots have homeomorphic complements,
then either they are equivalent to each other or one equivalent to the mirror image of
the other 1 By Whitten’s theorem [45], the Gordon-Luecke theorem further implies
that, up to mirror image, the knot group determines the knot type of a prime
knot. Over the last decades, invariants derived from the knot group, such as the
Alexander invariant, have been a subject of intensive study and widely used in knot
theory.
However, the knot group suffers from some limitations. Firstly, it depends solely
on the topology of the complement of a knot and thus is not capable to detect chiral
knots 2. Plenty of knots are chiral; as a matter of fact, most of the knots in the
knot table up to 16 crossings are chiral; the simplest example is the trefoil knot.
On the other hand, in the case of composite knots, there are examples of in-
equivalent knots that are not mirror images of each other but nevertheless have
isomorphic knot groups. The granny knot, the connected sum of two right-hand
trefoils, and the square knot, the connected sum of a right-hand trefoil and a left-
hand trefoil, are such a pair. The inequivalence of such pairs cannot be proved by
looking at the knot group alone; the peripheral system of the knot group—the im-
age of the meridian and longitude in the knot group—must be taken into account
in order to see the difference. That is one can show there are no isomorphisms
Date: February 14, 2019.
1Two knots are equivalent if one can be deformed to the other by an ambient isotopy.
2A knot is chiral if the knot and its mirror image are inequivalent. The complements of a
knot and its mirror image are naturally homeomorphic, but the obvious homeomorphism does not
preserve the orientation of S3, whereas any homeomorphism induced by an ambient isotopy must
preserve the orientation of S3.
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between the knot groups of a chiral knot and its mirror image that preserve the
peripheral systems [14].
In fact, the Gordon-Luecke theorem and Waldhausen’s theorem [44] imply that
the knot group along with the peripheral system is a complete invariant for knots.
More precisely, one considers the elements in pi1(K) represented by the meridian
m and the preferred longitude l—the preferred longitude being the longitude with
vanishing linking number with K—such that m and l are positively oriented with
respect to the orientation of S33. Then the knot group together with the selected
(ordered) elements [m], [l] in pi1(K) completely determines the knot type of K.
Taking a tubular neighborhood of a knot, we can view a knot as an embed-
ded solid torus in S3 bordered by a connected closed surface of genus one. The
solid torus inherits a natural orientation from S3 and induces an orientation on its
boundary. In this way, a knot can be thought of as a special case of an embedded
oriented surface in S3. This assignment from the category of knots to the category
of oriented connected closed surfaces in S3 is one-to-one, and therefore determin-
ing whether two knots are ambient isotopic is equivalent to determining whether
the associated embedded oriented surfaces are ambient isotopic. The aim of this
paper is to construct a complete invariant for oriented connected closed surfaces of
arbitrary genus smoothly embedded in S3 generalizing the notion of the knot group
with peripheral system, and also, to inspect connected closed surfaces in S3 using
computable invairants derived from the complete invariant.
On the other hand, any oriented connected closed surface Σ in S3 gives rise to an
oriented 3-dimensional submanifold E in S3 which is the closure of the connected
component in S3 \ E that satisfies ∂E = Σ—namely, the orientation of E is com-
patible with the orientation of Σ. Conversely, given any connected 3-dimensional
submanifold with connected boundary E ↪→ S3, ∂E is an oriented connected closed
surface in S3. Thus, it is not difficult to see, the notion of oriented connected
closed surfaces in S3 also covers handlebody knots, which are embeddings of 3-
handlebodies in S3.
Another point of view without referring to the embedding map Σ → S3 or
E → S3 is by considering it as a partition of S3. More precisely, we let E be the
“inside” and the “outside” the closure of the complement of E, denoted by F . So,
we have a triplet (E,Σ, F ) that satisfies
S3 = E ∪ F, E ∩ F = Σ, Σ = ∂E = −∂F.
In particular, given a knot K, we may let E be the closure of its tubular neighbor-
hood.
However, if no prescribed orientation of Σ is given, then there is no way to
distinguish between E and F .4 Embeddings of (unoriented) surfaces in S3 are
studied for example in [12], [40], [41], [42]. In the case of (unoriented) genus-one
surfaces in S3, this is equivalent to knots in S3, due to the fact that a torus in S3
bounds a solid torus at least on one side [34, p. 107]5. More generally, a surface
3We may assume m and l lie on the boundary of a tubular neighborhood of K and intersect
at a single point, then they are positively oriented if the vector product between the tangent to
m and the tangent to l at the intersection points away from K.
4A closed (not necessarily connected) surface embedded in S3 is forcibly orientable and its two
sides can be separated by first fixing a base point ∞ ∈ S3 \ Σ. Then, for any point x ∈ S3 \ Σ,
we connect it with a path that crosses Σ transversally, the parity of the number of intersections
is invariant under deformations of the path, so it depends only on x. We may define F or E be
the set of points with even parity and the other side with odd parity—but there is no preferred
choice. Points with different parity can only be connected by paths with an odd number of
transversal intersections and cannot belong to the same connected component of S3 \Σ. When Σ
is non-connected, E and F can also be non-connected.
5 The surface bounds a solid torus on both sides only when it corresponds to the unknot.
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of genus g in S3 with one of its connected complements a handlebody is equivalent
to a handlebody knot. There is an obvious forgetful functor from the category of
oriented connected surfaces in S3 to the category of connected surfaces in S3 by
ignoring the distinction between the inside and outside (Diagram 2.1).
The denomination “inside” and “outside” is borrowed from the setting of [3],
in which the ambient space is R3, topologically equivalent to S3 with “the point
at infinity” ∞ removed, and there E is a solid set embedded in R3 and called
a scene. This motivates our choice of the name “scene” for the triplet (E,Σ, F )
(Definition 2.1). Selecting the point at infinity gives a standard way to orient Σ and
to distinguish between E and F . Discussion from this point of view can be found
in [4]. Apart from this, E and F are treated equally in the sense that they play
an equally important role in the triplet (E,Σ, F ). The notion of connected scenes
allows us to include not only “theory of knots” but also “theory of handlebody
knots” by viewing the handlebody part as the inside E; it provides a perhaps more
natural perspective on such embeddings.
In this paper we shall confine ourselves to the case of connected scenes, i.e., Σ
is connected. For each component of a connected scene, we can consider its funda-
mental group, where typically the one constructed from F carries most information
on the “knottedness” of Σ. The additional information carried by the peripheral
system can then be recovered by considering the interrelation between the three
fundamental groups induced by the inclusion maps iE : Σ → E, iF : Σ → F
of Σ as a submanifold of E and F , respectively, whereas the orientation infor-
mation can be captured in the intersection form of the oriented surface Σ. This
leads to our definition of a group span with pairing (Definition 3.1), which is an
ordered triplet of groups (G,Υ, H) along with two connecting homomorphisms
iG : Υ → G, iH : Υ → H and a pairing on the abelianization of Υ. A con-
nected scene S = (E,Σ, F ) induces a natural group span with pairing, called the
fundamental span of S, (pi1(E, ∗), pi1(Σ, ∗), pi1(F, ∗), iE∗, iF ∗, d), where ∗ ∈ Σ is a
base point, pi1(·) is the fundamental group, and d is the intersection form on the
first integral homology group H1(Σ,Z) of Σ (Definition 3.3). One of the main re-
sults in the paper is Theorem 3.2, where we show that the fundamental span is a
complete invariant for connected scenes, up to ambient isotopy.
In the special case of knots, the peripheral subgroup is the image of iF∗ , and
one can distinguish the meridian from the longitude by considering the kernel of
iE∗ . Devising a peripheral system from these pieces of information is crucial in
situations where the diagram of the knot is not directly available: note carefully
that this also happens when g = 1 and what is known is e.g. the apparent contour
of a highly deformed knotted solid torus.
Observe that Theorem 3.2 does not imply the result of Gordon-Luecke. In fact,
in the case of knots, the Gordon-Luecke theorem along with Waldhausen’s theorem
imply a stronger version of Theorem 3.2: given two embedded tori E ⊂ S3 and
E′ ⊂ S3, suppose there are isomorphisms connecting φF : pi1(F, ∗)→ pi1(F ′, ∗′) and
φΣ : pi1(Σ, ∗) → pi1(Σ′, ∗′) such that i′F ∗ ◦ φΣ = φΣ ◦ iF ∗, with φΣ preserving the
intersection forms on H1(Σ,Z) and H1(Σ′,Z). Then the two solid tori in S3 are
equivalent. In other words, we do not need the information in homomorphisms iE
and i′E . On the other hand, in order to obtain a complete invariant for oriented
surfaces of genus larger than one, it is necessary to take into account also the
information hidden in the induced homomorphism iE∗ : pi1(Σ, ∗)→ pi1(E, ∗) (resp.
i′E∗ : pi1(Σ
′, ∗′)→ pi1(E′, ∗′)).
Having a complete invariant does not close the classification problem of knots. In
fact, the problem of distinguishing two finite presentations of groups, up to isomor-
phism, is in general unsolvable in the sense that there is no algorithm that always
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give an answer in a finite time [7]. Proving isomorphism is generally done by finding
a sequence of Tietze moves that connects the two presentations, whereas proving
that two presentations describe non-isomorphic groups often requires computable
invariants, such as the Alexander invariant.
On the other hand, the fundamental span contains more information than the
fundamental group, which cannot distinguish connected scenes having homeomor-
phic “inside” and “outside”. One of our aims is to use the fundamental span to
derive computable invariants that are able to differentiate connected scenes with
homeomorphic components.
The first invariant is inspired by Fox’s proof [14] of inequivalence of the square
knot and granny knot, and Riely’s work [33] and Kitano and Suzuki’s work [19] on
homomorphisms of a knot group into a finite group; the invariant is used primarily
for handlebody knots. To begin with, let us consider the subgroup iF ∗(Ker(iE∗)),
which is the image of the kernel of
iE∗ : pi1(Σ, ∗)→ pi1(E, ∗) (1.1)
in pi1(F, ∗) under
iF ∗ : pi1(Σ, ∗)→ pi1(F, ∗).
Consider also the surjective homomorphisms from pi1(F, ∗) to a finite group G that
are not surjective after being precomposed with iF ∗. Such homomorphisms are
called proper homomorphisms (Definition 5.1). Then the set of the images of the
subgroup iF ∗(Ker(iE∗)) in G under proper homomorphisms up to automorphisms
of G is an invariant of the connected scene S = (E,Σ, F ). The invariant takes value
in the set of finite sets of subgroups of G, up to automorphisms of G, and is called
the G-image of meridians of S (Definition 5.2) since the kernel of (1.1) can be iden-
tified with the normal closure of meridians of E. It turns out that the G-image of
meridians (Definition 5.2) can see subtle difference between handlebody knots. To
investigate this invariant, we generalize Motto’s and Lee-Lee’s constructions [29],
[21] to generate a wide array of inequivalent handlebody knots with homeomor-
phic complements; we compute the G-image of meridians of these examples; the
inspection shows that it is well capable to distinguish such handlebody knots.
Inequivalent handlebody knots with homeomorphic complements are first dis-
covered by Motto [29] with a geometric argument; in the end of his paper he asks
for a computable way to detect such handlebody knots. The computable invari-
ant devised here partially answers his challenge. On the other hand, due to the
finiteness of the group G, our invariant cannot distinguish an infinite family of such
handlebody knots like Motto’s approach did.
Contrary to knots, inequivalent handlebody knots with homeomorphic comple-
ments seem to abound. In Ishii et al.’s handlebody knot table [18], there are already
two such pairs (51, 64) and (52, 613). The inequivalence of 51 and 64 (resp. 52 and
613) is again proved by a geometric argument in [21]. On the other hand, our com-
putation shows that the A5-image of meridians can also see the difference between
51 and 62, but it fails to recognize the distinction between 52 and 613. Using the
A5-image of meridians, we further identify two 7 crossings handlebody knots whose
complements are homeomorphic to the complements of some handlebody knots in
Ishii et al.’s handlebody table.
To investigate the usefulness of the fundamental span in the case of bi-knotted
scenes—connected scenes with neither E nor F a 3-handlebody, we introduce the
notion of knottable disks in a handlebody knot (Definitions 4.1 and 4.2) and how
to blow them up by a knot. For instance, every handcuff graph in S3 with at least
one of its two circles unknotted in S3 admits a natural knottable disk (Fig. 1.1).
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DD
Figure 1.1. Handcuff graph with a 2-cell D and the associated
handlebody knot with a knottable disk
To perform the blow-up construction, it amounts to replacing a 3-ball neighbor-
hood of the knottable disk by a 3-ball with knotted tubes inside (Fig. 1.2).
B
D B
D
K:
Figure 1.2. Blow-up D by a knot K
Such a construction allows us to construct an ample supply of bi-knotted scenes
from handlebody knots.
In Ishii et al.’s handlebody knot table, there are 10 handcuff graph diagrams,
each of which has two unknotted circles in S3 and hence admits two natural knot-
table disks. A question thus arises as to whether blowing up the two disks results in
the same bi-knotted scenes; for some, the equivalence is obvious, but for the others,
proving or disproving the equivalence between them is less apparent. We derive
an invariant of irreducible handlebody knots with a knottable disk from the funda-
mental span and use it to show that 51, 61 and 611 are the only three among the
ten handcuff diagrams, where blowing up two associated disks yields inequivalent
bi-knotted scenes.
Lastly, we examine the role played by the intersection form in the fundamental
span. It is a crucial ingredient in discerning the chirality of a connected scene.
We demonstrate this fact by translating Fox’s argument [14] into an invariant in
terms of the fundamental span and using it to prove the chirality of 942 and 1071
in Rolfsen’s knot table. Over the last decades, many efforts have been made to
construct invariants and tools to study chiral knots. In particular, the discovery
of knot polynomials, such as the Jones polynomial, HOMFLYPT polynomial and
Kauffman polynomial, brought a breakthrough in this area. Knot polynomials are
sensitive to chirality of a knot, and most of chiral knots up to ten crossings can
be detected by them. Nevertheless, none of them is a complete invariant for knot
chirality—there is no known complete invariant for detecting chiral knots. Partic-
ularly, chiral knots 942 and 1071 in Rolfsen’s knot table cannot be distinguished
from their mirror image by any known knot polynomials. In [32], Chern-Simons
invariants are used to prove their chirality. Another proof using the signature of
knots is discussed in [10].
The paper is organized as follows: In Section 2 we introduce the notion of scene
and equivalence of scenes. In Section 3, we construct the assignment from the cat-
egory of connected scenes to the category of group spans with pairing and show
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the assignment is one-to-one. Section 4 discusses constructions that generate con-
nected scenes with homeomorphic components. We produce several examples and
study their properties. Invariants of group spans with pairing defined in terms of
homomorphisms of pi1(F, ∗) into a given finite group are introduced in Section 5;
they are used in subsection 5.4 to prove statements given in Section 4.
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2. Scenes and scenes equivalence
Definition 2.1 (Scene). A scene in S3 is an ordered triplet S = (E,Σ, F ) of
oriented manifolds in S3 in the smooth category6 such that E and F are 3-manifolds
with E ∪ F = S3 and E ∩ F = Σ, where Σ is a closed oriented surface with
Σ = ∂E = −∂F .
Definition 2.2 (Equivalence of scenes). Two scenes S = (E,Σ, F ) and S ′ =
(E′,Σ′, F ′) (or two embeddings E ↪→ S3 and E′ ↪→ S3) are equivalent, if there
exists a homotopy (ambient isotopy) Φt : S3 × I → S3 such that Φ0 = id, Φt is a
self-diffeomorphism of S3, for every t, and Φ1(E) = E′
The definition implies automatically Φ1(Σ) = Σ
′ and Φ1(F ) = F ′.
Remark 2.1. Φt respects the orientation of S3, for each t ∈ [0, 1], and in particular,
Φ1 is an orientation-preserving self-diffeomorphism of S3 sending E to E′. Con-
versely, any orientation-preserving self-diffeomorphism of S3 sending E to E′ can
be connected to the identity of S3 via an ambient isotopy [5].
Definition 2.3 (Connected scene, genus). A scene S = (E,Σ, F ) is connected
if Σ is connected. The genus of a connected scene S = (E,Σ, F ) is the genus of the
surface Σ.
A connected scene has connected inside E and outside F as Σ = ∂E = −∂F .
In this paper, we shall restrict ourselves to connected scenes. Relations with
other embedded objects in S3, as discussed in the introduction, are summarized in
the diagram below ( stands for an injection of categories and for a surjection):
Connected Scenes
(E,Σ, F )
Handlebody Knots
Knots
Spatial Graphs
Surfaces in S3
p
(2.1)
6We work in the smooth to avoid pathological examples, such as the Alexander horned sphere
[1].
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In view of the diagram, we call a connected scene a knot if E is a solid torus and
call it a handlebody knot if E is a 3-handlebody of genus g ≥ 1.
Definition 2.4 (Trivial scene). A connected scene (E,Σ, F ) is trivial if both E
and F are 3-handlebodies.
Note that, by [43, Satz 3.1], the Heegaard splitting of S3 of genus g is unique,
for every g ≥ 0, namely the standard one. Hence, every two trivial scenes of the
same genus are ambient isotopic. We use the symbol Hg to denote a handlebody of
genus g and Σg a surface of genus g. We drop g when there is no risk of confusion.
Definition 2.5 (Bi-knotted scene). A bi-knotted scene is a connected scene
(E,Σ, F ) with neither E nor F a 3-handlebody.
To understand the relation between connected scenes (or equivalently oriented
connected closed surfaces in S3) and connected closed surfaces in S3 (mapping p
in Diagram (2.1) above) we observe that, given a connected surface Σ in S3, if
the connected components V1 and V2 of S3 \ Σ are not homeomorphic, then the
preimage of the surface in S3 under p contains precisely two elements—one regards
V1 as, say, the “inside” and V2 as the “outside”.
If V1 and V2 are homeomorphic, the situation is subtler. For the sake of conve-
nience, we give the following definition.
Definition 2.6 (Symmetric scene). A connected scene (V,Σ,W ) is symmetric
if V and W are homeomorphic.
Definition 2.7 (Swappable/unswappable scene). A symmetric scene (V,Σ,W )
is swappable (resp. unswappable) if it is equivalent (resp. inequivalent) to (W,−Σ, V ).
In the case of genus one, the only symmetric scene is the trivial scene and it is
swappable. In the case of genus two, by [42, Theorem 1], every symmetric scene
(V,Σ2,W ) must have V (resp. W ) homeomorphic to the boundary connected sum
of a solid torus H1 and the complement of a tubular neighborhood of a knot KV
(resp. KW ). Thus, by the Gordon-Luecke theorem [16] and [40, Corollary 3.4],
the knots KV and KW are equivalent, up to mirror image. Therefore, a symmetric
scene (V,Σ2,W ) of genus 2 is unswappable if and only if KV and KW are chiral
knots and mirror images to each other. Using a corollary of Waldhausen’s theorem
[41, Theorem 3], we obtain the following theorem:
Theorem 2.1. There exist unswappable symmetric connected scenes of genus g,
for any g > 1.
Definition 2.8 (Sum operation). Given two connected scenes S = (E,Σ, F ) and
S ′ = (E′,Σ′, F ′), their connected sum S#S ′ is a connected scene given by removing
a point p ∈ Σ and a point p′ ∈ Σ′ and glue them together via an orientation-
reversing diffeomorphism
(Bp ∩ Σ, Bp) ' (S1,S2)× (0, 1)→ (Bp′ ∩ Σ′, Bp′) ' (S1,S2)× (0, 1)
(x, t)→ (x, 1− t),
where Bp (resp. Bp′) is a 3-ball neighborhood of p (resp. p
′) in S3 with p (resp.
p′) removed. The first and last orientation-preserving diffeomorphism identify Bp
and B′p with a unit 3-ball, respectively. The components of S#S ′ are denoted by
(E#E′,Σ#Σ′, F#F ′).
The sum operation is associative and commutative.
Given a connected scene S, if it is equivalent to the connected sum of connected
scenes Si, i = 1, ...n, then we say S1#S2#...#Sn is a decomposition of S.
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Definition 2.9 (Prime scenes). A connected scene S is prime if its genus is larger
than 0 and admits no decomposition S = S1#S2 with both S1 and S2 non-trivial.
A decomposition S ' S1#S2#...#Sn is prime if Si is prime, i = 1, ..., n.
Note that our prime handlebody knots are called irreducible handlebody knots
in [18]. The notation chosen here is consistent with that in [40], [42] and in knot
theory. In particular, a scene S is prime if and only if p(S) regarded as an unoriented
surface in S3, is prime. On the other hand, the notions of prime θ-curves and
handcuff graphs in [27], [28]7 have different meanings.
The examples of unswappable scenes given above are non-prime. In fact, there
is no unswappable prime scene with genus less than 3. In Section 4.2, we give
a construction of unswappable prime scenes of genus 3, as an application of the
existence of inequivalent handlebody knots with homeomorphic complements, and
prove the following result:
Theorem 2.2. There exist infinitely many unswappable prime scenes of genus 3.
3. Fundamental structure for connected scenes
Given a connected scene S = (E,Σ, F ) and a base point ∗ ∈ Σ, the fundamental
groups pi1(E, ∗), pi1(Σ, ∗), and pi1(F, ∗) are related to each other via the homo-
morphisms iE∗ and iF ∗ induced by the inclusions iE : Σ → E and iF : Σ → F ,
respectively. In general, iE∗ and iF ∗ are neither injective nor surjective.
The following unknotting theorem is a corollary of [17, Theorem 5.2].
Proposition 3.1. Let S = (E,Σ, F ) be a connected scene and ∗ ∈ Σ a basepoint.
Then S is trivial if and only if pi1(E, ∗) and pi1(F, ∗) are free groups.
Proof. [17, Theorem 5.2] asserts that a prime 3-manifold with the fundamental
group a free group is either a S2 bundle over S1 or a 3-ball with some 1-handles
attached to its boundary.
Now, since Σ is connected, its complements E and F must be irreducible 3-
manifolds, and hence, pi2(E, ∗) and pi2(F, ∗) are trivial by the sphere theorem.
That implies E (resp. F ) cannot be a S2-bundle over S1. On the other hand,
any 3-manifold in S3 is orientable, so E (resp. F ) must be a 3-handlebody. 
The topological type of a connected scene S = (E,Σ, F ) is not determined solely
by the fundamental groups of E and F ; there are inequivalent connected scenes
with homeomorphic outsides and insides [29], [21]. To distinguish such connected
scenes, additional structures need to be taken into account.
To this aim, we introduce the notion of a fundamental span, which is an analog
of a knot group with the peripheral system; the following definitions describes the
algebraic universe where fundamental spans live.
Definition 3.1 (Group span with pairing). A group span with pairing is an
ordered triplet of groups (G,Υ, H) along with two connecting homomorphisms iG :
Υ→ G and iH : Υ→ H and a non-degenerate pairing d : Υ/[Υ,Υ]×Υ/[Υ,Υ]→ Z,
where [A,A] denotes the commutator subgroup of the group A.
Definition 3.2 (Equivalence of group spans with pairing). Two group spans
with pairing
(G,Υ, H, iG, iH , d), (G
′,Υ′, H ′, iG′ , iH′ , d′)
are equivalent if there are isomorphisms G→ G′, Υ→ Υ′, and H → H ′ such that
the diagram
7The classification of irreducible handlebody knots in [18] is based on the classification of
θ-curves and handcuff graphs.
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G
Υ
H
G′
Υ′
H ′
commutes and the isomorphism Υ→ Υ′ preserves the pairings d and d′.
Given a connected scene S = (E,Σ, F ) and a base point ∗ ∈ Σ, the fundamental
group functor pi1(−) gives a group span with pairing
(pi1(E, ∗), pi1(Σ, ∗), pi1(F, ∗), iE∗, iF ∗, d), (3.1)
where d is the intersection form on H1(Σ,Z) given by the orientation of Σ. Notice
that using different base points results in equivalent group spans with pairing; thus
the equivalence class of (3.1) is independent of the choice of a base point.
Definition 3.3 (Fundamental span). Given a connected scene S = (E,Σ, F ),
the equivalence class of (pi1(E, ∗), pi1(Σ, ∗), pi1(F, ∗), iE∗, iF ∗, d) is called the funda-
mental span of S, and is denoted by F(S).
Any (base point preserving) equivalence between (based) connected scenes in-
duces equivalent group spans with pairing; thus, F(·) induces a mapping from the
equivalence classes of connected scenes to the equivalence classes of group spans
with pairing:
F : {connected scenes}/ ' 7−→ {group spans with pairing}/ ',
where ' is the equivalence between connected scenes or group spans with pairing.
Theorem 3.2 (Complete invariant). The mapping F is injective. In other
words, the fundamental span is a complete invariant for connected scenes.
Proof. Firstly, note that connected scenes of different genus cannot have the same
fundamental spans.
Secondly, observe that, in the case of genus 0, Σ is a 2-sphere, and the 3-
dimensional Scho¨nflies theorem [23] implies all connected scenes are ambient iso-
topic. Thus, the theorem holds trivially in this case.
Now, suppose there exists an equivalence between the fundamental spans of two
connected scenes S = (E,Σ, F ) and S ′ = (E′,Σ′, F ′) of genus g > 0; that is there
exist isomorphisms φE , φΣ and φF such that the diagram
pi1(E, ∗)
pi1(Σ, ∗)
pi1(F, ∗)
pi1(E
′, ∗′)
pi1(Σ
′, ∗′)
pi1(F
′, ∗′)
φE
∼
φΣ
∼
φF
∼
(3.2)
commutes and φΣ preserves the intersection forms on H1(Σ,Z) and H1(Σ′,Z).
If we can show that S and S ′ are equivalent, the injectivity of F follows. In
fact, we shall construct an equivalence of connected scenes that realizes the above
equivalence of fundamental spans F(S) and F(S ′). We divide the proof into four
steps.
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Step 1: Realizing φΣ by an orientation preserving homeomorphism
The isomorphism φΣ : pi1(Σ, ∗) ∼−→ pi1(Σ′, ∗′) can be realized by an orientation-
preserving diffeomorphism fΣ : (Σ, ∗) ∼−→ (Σ′, ∗′). To see this, we note first that
φΣ can be realized by a homotopy equivalence since surfaces are Eilenberg-Maclane
spaces of type K(G, 1) [9, Section 8.1]. Secondly, we deform the homotopy equiv-
alence into a homeomorphism; this can be achieved by employing the topological
proof of the Dehn-Nielsen-Baer theorem [9, Section 8.3.1]. The homeomorphism
can be further deformed into a diffeomorphism fΣ by [37, Theorem 3.10.9]. Now,
identify Σ′ with Σ via an orientation preserving diffeomorphism g, and observe
that (g ◦ fΣ)∗ = g∗ ◦φΣ preserves the intersection form on H1(Σ,Z). By the Dehn-
Nielsen-Baer theorem, the self-diffeomorphism g ◦ fΣ is an orientation preserving
map, and hence, fΣ preserves the orientations of Σ and Σ
′.
The assertion of the theorem follows immediately if there exist diffeomorphisms
fE : E
∼−→ E′ and fF : F ∼−→ F ′ extending fΣ.
Step 2: Free product decomposition
Recall that Suzuki’s ∂-prime decomposition theorem [40, Theorem 3.4] states
that every 3-manifold that can be embedded in S3 has a ∂-prime decomposition.
In particular, the pair (E,Σ) admits a ∂-prime decomposition
(E,Σ) = (E1,Σg1)#b...#b(En,Σgn), (3.3)
where Ei is ∂-prime, Σgi = ∂Ei is a surface of genus gi, for every i = 1, . . . , n, and
]b is boundary connected sum. We can further assume that the separating disks
intersect at the base point ∗. Since a 3-manifold that can be embedded in S3 is
∂-prime if and only if its fundamental group is indecomposable [40, Proposition
2.15(5)], this ∂-prime decomposition of E induces the free product decomposition
of pi1(E, ∗) with indecomposable factors.
Now, we want to use φE to show that the ∂-prime decomposition of E induces
a ∂-prime decomposition of E′.
To see this, we first recall the free product decomposition theorem [20, p. 27,
Sec. 35, Vol. 2] which states that two free product decompositions of a group with
indecomposable factors are isomorphic. This implies that the isomorphism φE
induces the free product decomposition of pi1(E
′, ∗) with indecomposable factors.
Step 3: ∂-prime decomposition
On the other hand, by Dehn’s lemma, there exists a decomposition of (E′,Σ′):
(E′,Σ′) = (E′1,Σ
′
g1)#b...#b(E
′
n,Σ
′
gn)
induced by the disks in E′ that are bounded by the loops fΣ(∂Di), i = 1, ..., n,
where Di, i = 1, .., n, are the separating disks in the ∂-prime decomposition of E
[40, Condition (∗), p.186]. At this stage, we can extend fΣ over
⋃n
i=1Di.
We want to show that this decomposition is ∂-prime and induces the free product
decomposition of pi1(E
′, ∗) in Step 2. To see this, it suffices to prove that pi1(E′i, ∗′)
is indecomposable, which follows, provided φE sends pi1(Ei, ∗) into pi1(E′i, ∗′), for
every i.
Recall that the Kurosh subgroup theorem [20, Section 34] asserts that any in-
decomposable subgroup H 6= Z in a free product G1 ∗G2 with H ∩Gi non-empty,
where i is either 1 or 2, is a subgroup of Gi. (see [39, 4.1].
Now, if Ei is ∂-irreducible, then pi1(Ei, ∗) 6= Z [40, Prop. 2.15]. If Ei is not
∂-irreducible, then Ei is a solid torus. For the former, because φΣ(pi1(Σi, ∗)) is
in pi1(Σ
′
i, ∗′), φE(pi1(Ei, ∗)) ∩ pi1(E′i, ∗′) is nonempty. So, the Kurosh subgroup
theorem implies that φE also sends pi1(Ei, ∗) into pi1(E′i, ∗′). For the latter, the
induced homomorphism from pi1(Σi, ∗) to pi1(Ei, ∗) is surjective, and hence φE also
sends pi1(Ei, ∗) into pi1(E′i, ∗′).
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So far, we have established that φE (resp. φΣ = fΣ,∗) preserves the free product
decompositions (resp. with amalgamation) given by the ∂-prime decompositions of
(E,Σ) and (E′,Σ′).
In particular, φE and φΣ induce isomorphisms between the fundamental groups
of corresponding ∂-prime factors. That is, they induce the following commutative
diagram
pi1(Ei, ∗)
pi1(Σgi , ∗))
pi1(E
′
i, ∗′)
pi1(Σ
′
gi , ∗′)
∼
∼
(3.4)
for every i = 1, . . . , n. Note that the lower isomorphism can be realized by the
restriction of fΣ on Σgi ∪Di.
Step 4: Applying Waldhausen’s theorem to (3.4).
If Ei is ∂-irreducible, one can construct a diffeomorphism that realizes the upper
isomorphism by Waldhausen’s theorem [44, Theorem 6.1] and [25, Corollary, p.333]
If Ei is not ∂-irreducible, then Ei is a solid torus, and there is an obvious
diffeomorphism realizing the upper isomorphism.
Taking boundary connected sum, we obtain a diffeomorphism fE that realizes
the upper part of diagram (3.2) and extends fΣ.
In the same way, one can construct fF : F → F ′ that extends fΣ and realizes
the lower part of (3.2). Thus, the connected scenes S and S ′ are equivalent. 
Remark 3.1. The theorem is true even when the diagram (3.2) commutes only up
to conjugacy or when the base point of E or F (resp. E′ or F ′) is not on Σ (resp.
Σ′). For the latter, the homomorphisms iE∗ and iF ∗ (resp. i′E∗ and i
′
F ∗) depend
on a choice of arcs connecting the base points in E and F to ∗ ∈ Σ. To see the
theorem still holds true, we observe that, firstly by modifying φE or φF , one can
make the diagram commute strictly, and secondly, one can use the same arcs that
connect the base points in E and F to ∗ ∈ Σ to move the base point back to the
common base point ∗ on Σ. The proof then reduces to the case of the theorem.
4. Examples
In this section we present methods to produce connected scenes with homeo-
morphic complements and discuss some explicit examples constructed using these
methods. The properties of these connected scenes are stated here; their proofs em-
ploy invariants derived from the group span with pairing and are given in Section
5.
4.1. Handlebody Knots. Our first construction concerns handlebody knots; it is
used to produce inequivalent handlebody knots with homeomorphic complements
and is a generalization of Motto’s and Lee-Lee’s constructions [29], [21].
We begin by recalling that a Dehn twist of a standard cylinder S1 × I in R3,
I = [0, 1], is a boundary-fixing self-homeomorphism given by
S1 × I → S1 × I
(p, τ) 7→ (e2piiτp, τ).
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This homeomorphism can be extended to a self-homeomorphism of a standard
cylindrical shell in R3,
t : A× I → A× I
(p, τ) 7→ (e2piiτp, τ), (4.1)
where A := {(x, y) ∈ R2 | 12 ≤ x2+y2 ≤ 1} is an annulus.8 Now, suppose
⋃n
i=1Di is
a union of pairwise disjoint disks contained in A˚, the interior of A. Then t restricts
to an embedding of (A \ ⋃ni=1 D˚i) × I in A × I, which twists the void cylinders
Di × I in A × I, i = 1, ..., n. The sign of such a twisting can be defined by the
sign of the crossings of the void cylindrical parts with the inner cylinder. Fig. 4.1
illustrates the embeddings induced by t and t−1. The embedding induced by t±j
gives j full ±-twists.
t−1 t
D1 × I D1 × I
A A
Figure 4.1. Signs of a twisting
With this in mind, we may now describe the generalization of Motto’s [29] and
Lee-Lee’s [21] constructions. Consider a 3-manifoldM embedded in S3, for example,
the closure of the complement of a handlebody knot, and suppose there exists an
oriented annulus A embedded in S3 such that the intersection A ∩M is properly
embedded in M and diffeomorphic to an annulus with some (open) disks removed
from A˚, namely A \⋃ni=1 D˚i ⊂M , where ⋃ni=1Di = A˚ ∩ (S3 \M).
Let N(A) be a tubular neighborhood of A in M∪⋃ni=1N(Di) such that N(A)∩M
is a tubular neighborhood of the surface A \ ⋃ni=1 D˚i (properly embedded) in M ,
and N(A)∩
(
S3 \M
)
consists of a tubular neighborhood of
⋃n
i=1Di in S3 \M and
a tubular neighborhood of ∂A in ∂M , where N(Di) is a tubular neighborhood of Di
in S3 \M . Furthermore, if one component of ∂A is selected to be the inner circle,
then N(A) can be identified with the standard cylindrical shell in R3 described
above, and thus one can determine the sign of the twisting.
Now consider
MA := M ∪N(A) ⊂ S3.
Then the twist map t : A× I → A× I in (4.1) induces a self-homeomorphism
tM,A : MA →MA,
and the composition
M ⊂MA tM,A−−−→MA ⊂ S3
is a new embedding of M in S3. More generally, composing tM,A (resp. t−1M,A)
with itself j times, one gets a self-homeomorphism t±jM,A : MA → MA, for each
8Using an annulus instead of a disk allows us to cover all of our examples. We could use a
disk instead of an annulus as in [21], with the central disk treated as, say, Dn+1, for some of our
examples, e.g. annulus A1 of Example 4.1 and annulus A1 of Example 4.2 could be replaced by
a disk. However, this is not possible for the annuli A2 in Examples 4.1 and 4.2. Also, twisting in
an annulus is required for the construction in [29] but still covers the cited examples.
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j ∈ Z, and thus an infinite family of embeddings of M in S3. Note that, to produce
inequivalent embeddings of M , it is necessary that A˚ ∩
(
S3 \M
)
is not empty.
Example 4.1 (HK 51). The handlebody knot 51 in Ishii et al. [18], denoted by HK 51
in the present paper, can be represented as in Fig. 4.2.
Figure 4.2. The handlebody knot HK 51
Observe that there is an oriented annulus A1 and a disk D1 in S3 such that
A1 \ D˚1 is properly embedded in M , the closure of S3 \HK 51 (Fig. 4.3).
A1
D1
A1
D1
+
+
Figure 4.3. Annulus A1
Now orient A1 such that the side with the plus sign is where the normal direction
goes out, and select the obvious component of ∂A1 to be the inner circle. Then,
applying the twisting map tM,A1 , we obtain a family of handlebody knots with
homeomorphic complements. In particular, there are the −A1-twisted HK 51 (Fig.
4.4, left) and +A1-twisted HK 51 (Fig. 4.4, right) obtained by applying t
−1
M,A1
and
tM,A1 , respectively.
Figure 4.4. ∓A1-twisted HK 51 (Example 4.1)
These three handlebody knots are in fact equivalent to the handlebody knots V0,
V−1 and V+1 in [21] since by the moves described in [21, p.1062 (a)] the annulus
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A1 can be deformed into the annulus used there. In particular, −A1-twisted HK 51
is equivalent to the handlebody HK 64 of [18].
There is another oriented annulus A2 and a disk D2 embedded in S3 such that
A2 \ D˚2 is properly embedded in S3 \HK 51 as illustrated in Fig. 4.5—we select the
bigger circle in ∂A2 in Fig. 4.5 to be the inner circle.
D2
A2
+
−
+
−
−
+
'
A2
D2
A2
D2
Figure 4.5. Annulus A2
Applying tM,A2 to S3 \ HK 51, we obtain another family of handlebody knots.
Especially, there are ±A2-twisted HK 51 (see Fig. 4.6; left for the −A2-twisted
HK 51 and right for the other one).
Figure 4.6. ∓A2-twisted HK 51 (Example 4.1)
Example 4.2 (HK 62). For our second set of examples, we consider the handlebody
knot HK 62 corresponding to 62 in Ishii et al.’s knot table [18], and observe that
there are two embedded oriented annuli A1 and A2 in S3 with their interior in-
tersecting with HK 62 at disk D1 and D2, respectively (see Fig. 4.8; there is an
obvious choice for the inner circle for A1, whereas for A2, we identify the horizontal
one as the inner circle of a standard annulus).
Figure 4.7. The handlebody knot HK 62
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A1 D1
+
+
−A2
D2
Figure 4.8. Annuli A1 and A2
Applying the twist construction to the annuli A1 and A2, we get two families
of handlebody knots with homeomorphic complements. We record ∓A1-twisted
HK 62 and ∓A2-twisted HK 62 in Fig. 4.9 and 4.10 and get the corresponding
Figure 4.9. left: −A1-twisted HK 62; right: +A1-twisted HK 62
−A2-twisted HK 62 (Fig. 4.10, left) and +A2-twisted HK 62 (Fig. 4.10, right).
Figure 4.10. left: −A2-twisted HK 62; right: +A2-twisted HK 62
In Subsection 5.4.1 we shall prove the following results by means of Theorem
3.2:
Theorem 4.1. The following holds.
• HK 51, −A1-twisted HK 51, +A1-twisted HK 51 and +A2-twisted HK 51 are not
ambient isotopic.
• −A2-twisted HK 51 is ambient isotopic to HK 51.
• +A1-twisted HK 51 has crossing number = 7.
• Among HK 62, ∓A1-twisted HK 62 and ∓A2-twisted HK 62, there are at least three
inequivalent handlebody knots.
• −A1-twisted HK 62 has crossing number = 7.
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4.2. Unswappable scenes. In this short subsection we present a construction of
unswappable scenes of genus 3 and prove Theorem 2.2.
Let (E,Σ, F ) be a handlebody knot, and suppose there exists a loop l on Σ
which intersects with only one meridian m in a complete system of meridians of E
and bounds a properly embedded disk in S3 \H1, where H1 ⊂ E is the solid torus
induced by the loop l and the meridian disk bounded by m. Then the complement
of such a handlebody knot can be expressed as a solid torus with some tunnels in
it. For instance, the handlebody knot HK 51 has such a loop:
HK 51
+A1-twisted HK 51
l ll
m
Figure 4.11. The complement of HK 51 as a solid torus with
tunnels in it (middle); the tunnel expression for the complement
of +A1-twisted HK 51 (right)
the annulus A1 in Fig. 4.3 is bounded by l, and hence +A1-twisted HK 51 can be
obtained by twisting the two tubes encircled by l; its complement as a solid torus
with tunnels is depicted in Fig. 4.11 (right).
Example 4.3 (Unswappable prime scenes of genus 3). To construct an unswap-
pable prime scene of genus 3, we start with a trivial scene of genus 1 (Fig. 4.12,
left). Next, we grow a solid-torus-shaped tree such that the resulting object is the
handlebody knot HK 51 (Fig. 4.12, right).
Figure 4.12. HK 51 as a tree on a solid torus
Then, we dig a tunnel (Fig. 4.13) into the original solid torus in such a way
that, without the tree, the resulting object in S3 is the tunnel expression for the
complement of +A1-HK 51.
Denote the resulting connected scene by S = (V,Σ,W ). From the construction,
it is clear that both V and W are homeomorphic to the connected sum of a solid
torus and the complement of HK 51. Hence, it is a symmetric scene.
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Figure 4.13. Unswappable prime scene of genus 3
To see it is not swappable, we note that any diffeomorphism between V and W
sends the meridian of V to the meridian of W [40, Corollary 3.6]. Removing these
meridians from W and V in S, one gets a HK 51 and a swapped +A1-HK 51, respec-
tively. In particular, if there is an equivalence between (V,Σ,W ) and (W,−Σ, V ),
then it induces an equivalence between HK 51 and +A1-HK 51, which contradicts
Theorem 4.1.
Now, suppose S is not prime and there exists a decomposition S = S1#S2 with
Si a non-trivial scenes of genus i, i = 1, 2. Let S2 ⊂ S3 be the separating 2-sphere
of the decomposition. Then the disk S2 ∩ V separates V into a solid torus and the
complement of +A1-HK 51 and the disk S2 ∩W separates W into a solid torus and
the complement of HK 51. So, S2 = (V2,Σ2,W2) is such that both V2 and W2 are
∂-irreducible manifolds, which contradicts to Fox’s Theorem [12, p.462 (2)] (see [40,
Proposition 2.5]). Therefore, S is prime.
This construction works not only for HK 51 but also for other handlebody knots
admitting the loop l described at the beginning of the subsection. Combining
Motto’s or Lee-Lee’s results with the construction, we see there are infinitely many
unswappable prime scenes of genus 3; this proves Theorem 2.2.
4.3. Bi-knotted scenes. Our next set of examples concerns bi-knotted scenes—
namely, both “inside” and “outside” are not 3-handlebodies.
To construct such examples, we need to introduce the blow-up construction on
a handlebody knot.
Definition 4.1 (Potentially knottable disk). Given a handlebody knot (E,Σ, F ),
we call an embedded disk D in S3 potentially knottable if D˚ ∩ E consists of the
union
∐n
i=1Di of n disjoint disks properly embedded in E, and D \
∐n
i=1 D˚i is a
proper embedding in F .
Now, take a small closed 3-ball B containing D such that B \ E˚ is a tubular
neighborhood of D \∐ni=1 D˚i in F , and B∩E is a tubular neighborhood of ∂D and∐n
i=1Di in E, see Fig. 4.14.
B
3D 2D1D D
Figure 4.14. Blowing-up disk with n = 3
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Identifying B with a standard 3-ball B3 and D with a standard disk D2, one
expresses the partition induced by Σ ∩B as a filtration of embeddings
n∐
i=1
Di ⊂ D2 × I j↪−→ B3, (4.2)
where I is a bounded closed interval, and j(x, ·) : I → B3 is the vertical segment
connecting connecting (x, z) ∈ ∂B3 and (x,−z) ∈ ∂B3, for any x ∈ D; the radius
of D2 is smaller than that of B3.
Now, consider a knot K : S1 → S3 with a base point ∗ ∈ S1. Then there is an
induced map
S1 \N(∗) K−→ S3 \N(∗),
where N(∗) is a small neighborhood of ∗ in S1 and S3, respectively. This embedding
can be identified with a proper embedding I
K
↪−→ B3 sending the endpoints of I to
the south and north poles of B3, see Fig. 4.15.
the base point ∗
A neighborhood of ∗
Figure 4.15. A proper arc in a ball
Replacing the original filtration (4.2) with the filtration induced by the knot K:
n∐
i=1
Di ⊂ D2 × I K˜↪−→ B3 (4.3)
where K˜ = j on D2 × ∂I, K˜(0, ·) = K : I → B3 and K˜(x, ·) : I → B3 is a parallel
copy of K, which has the trivial linking number with K˜(0, ·), for any x ∈ D.
Gluing the 3-ball with the new filtration (4.3) back, we get a new connected scene
SD,K = (ED,K ,ΣD,K , FD,K) (see Fig. 4.16).
B
D
B
D
K :
Figure 4.16. New connected scene (right) after blowing-up the
disk D by K
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Remark 4.1. The construction above involves some choices of identifications: The
first one is a choice of a diffeomorphism between the neighborhood B and the
standard 3-ball B3 in (4.2). The second one is a choice of a diffeomorphism between
S3 \N(∗) and B3 when converting a knot into a knotted arc in B3 (Fig. 4.15).
Choosing different identifications does not change the isotopy type of the re-
sulting connected scene, because any self-diffeomorphism of B3 can be isotopied
to one that sends K to K with ∂B3 fixed, which follows from the facts that the
diffeomorphism groups Diff(B3, ∂B3) and the diffeomorphism group Diff(S2) are
trivial [2], [36].
The construction above implies that there is a natural homeomorphism ιK : F →
FD,K given by
ιK |F\B3 = id (4.4)
ιK |F∩B3 = K˜ : F ∩B
3 = (D2 \
n⋃
i=1
D˚i)× I K˜−→ FD,K ∩B3. (4.5)
On the other hand, the homeomorphism type of ED,K might change; whether
the blow-up construction produces a new connected scene depends solely on the
topology of ∂D in E.
Lemma 4.2. Let S = (E,Σ, F ) be a handlebody knot and D a potentially knot-
table disk. If ∂D bounds a disk in E, then SD,K is equivalent to S, for any knot
K.
Proof. Suppose ∂D bounds a proper disk D′ in E, and let N(D′) be a tubular
neighborhood of D′ in E. Then the complement of N(D′) can be identified with
a 3-ball B˜ ⊂ S3 containing F and having D properly embedded in it. Take a
small tubular neighborhood N(D) of D in B˜ such that N(D) ∩ F is a tubular
neighborhood of D \∐ni=1 D˚i in F . Then a 3-ball B for the blow-up construction
(4.3) can be viewed as the union of N(D) and a tubular neighborhood of ∂D in the
closure of N(D)′ (see Figure 4.17).
With this decomposition of S3, we see the effect of blowing-up D by a knot K,
namely, reembedding N(D) ' D2 × I into B ' B3 (Fig. 4.14), on the connected
scene S: the 3-manifold F is reembeded into S3 by the composition
F ⊂ B˜ K↪−→ S3, (4.6)
where K is the map that restricts to K˜ on the closure of N(D) ' D× I and is the
identity elsewhere (Fig. 4.3).
Since any two embeddings of a ball in S3 are ambient isotopic, the composition
(4.6) is isotopic to the original embedding
F ⊂ B˜ ⊂ S3.

Fig. 4.17 illustrates the situation in Lemma 4.2. Starting with a solid sphere
with an unknotted solid torus removed from the inside, then drilling a cylindrical
hole connecting the north pole of the sphere with the northest point of the internal
cavity and thus connecting the cavity with the outside, we get a solid set which is
topologically equivalent to a solid torus. Attaching some knotted handles to the
solids, we further obtain a handlebody knot in S3. Now, take a cross-section of
the gallery entering the cave as our potentially knottable disk D, whose boundary
clearly bounds a disk D′ in the solid. Then, blowing-up the disk D by a knot is
equivalent to substituting the straight gallery by a knotted one. However, it does
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D'
D
N(D)
N(D)
B
B
N(D)' N(D)'
Figure 4.17. Potentially knottable disk with boundary bounding
a disk in E
not change the embedding, since the knotted gallery can be easily untangled by
isotoping D′0, the bottom disk in N(D
′) ' D′ × I.
Definition 4.2 (Truly knottable disk). A potentially knottable disk D in a
handlebody knot S = (E,Σ, F ) is truly knottable if ∂D bounds no disk in E.
The following lemma justifies the definition.
Lemma 4.3. Let S = (E,Σ, F ) be a handlebody knot. If D is a truly knottable disk
with respect to E, then SD,K = (ED,K ,ΣD,K , FD,K) is inequivalent to S, for any
nontrivial knot K.
Proof. Let B be the closed ball containing D as in (4.2). Then E∩∂B is a collection
of disks and an annulus A, where A can be identified with ∂B3 \(D2 × ∂I) in (4.2).
After blowing-up the disk D by K, the boundary of B remains unchanged, but its
intersection with ED,K becomes a union of some tubes and the complement of a
tubular neighborhood of K, B \N(K); here N(K) can be identified with the image
of D˚2 × I by the map K˜ in (4.3).
Choose a base point ∗ ∈ A and apply van Kampen’s Theorem to the partition
ED,K =
(
B \N(K)) ∪ (ED,K \ (B\˚N(K))).
Then the fundamental group of ED,K can be computed by the following pushout
diagram:
pi1(A, ∗) pi1(ED.K , ∗)
pi1(E
D,K \ (B\˚N(K)), ∗)
pi1(B \N(K), ∗)
ι
ϑ
where the homomorphisms are induced by the inclusions.
The assumption that ∂D does not bound a disk in E implies the homomorphism
ϑ is injective, because ED,K \ (B\˚N(K)) is homeomorphic to E \ (B \ D˚ × I) in
(4.2). On the other hand, since ι sends the generator of pi1(A, ∗) to the meridian in
B \N(K), it is also injective
The injectivity of ϑ and ι implies the other two homomorphisms are also injective.
In particular, pi1(E
D,K , ∗) contains a non-free group pi1(B \ N(K)) when K is a
non-trivial knot. Hence, in view of the Nielsen–Schreier theorem [35], ED,K is not
a 3-handlebody and cannot be diffeomorphic to E.

ON CLOSED ORIENTED SURFACES IN THE 3-SPHERE 21
In the next two lemmas, we restrict our focus to handledbody knots S =
(E,Σ, F ) of genus 2, and we shall show that, if S is prime, the boundary of a
knottable disk in S cannot separate Σ (Type II in 4.3). This motivates the follow-
ing definition.
Definition 4.3 (Type I and II). Let S = (E,Σ, F ) be a handlebody knot of genus
2. A truly knottable disk D in S is of type I if ∂D separates Σ, and is of type II if
∂D does not separate Σ.
Lemma 4.4 (Primeness). Let S = (E,Σ, F ) be a handlebody knot of genus 2
admitting a truly knottable disk D of type I. Then S cannot be prime. Furthermore,
if S = S1]S2 is the prime decomposition of S, where Si is a connected scene of genus
one, for i = 1, 2. Then one of the Si must be trivial.
Proof. Since ∂D is a separating circle on Σ that does not bound any disks in E,
given a complete system of meridians of E [30, p.864], [40, 2.16], ∂D must intersect
both of the meridians. Let D˚ ∩ F = ⋃ni=1Di. Then Di is either a separating disk
or a meridian disk of E. If it is a meridian disk, then ∂D intersects with ∂Di and
contradicts the fact that D is an embedding. If Di is a separating disk, then ∂D
shall also intersect with ∂Di, or otherwise it cannot intersect both of the meridians
in the complete system of meridians induced by the separating disk Di ⊂ E. So,
D˚ ∩E must be empty. That is D is a proper embedding in F . By [40, Prop. 2.15]
and [42, Theorem 1], S cannot be prime.
Suppose S = S1]S2 is the prime decomposition of S. If both S1 and S2 are
non-trivial. Then F1 and F2 are the complements of two non-trivial knots. The
kernel of the induced homomorphism
pi1(Σ, ∗)→ pi1(F, ∗) ∗ ∈ Σ (4.7)
is the normal closure of the homotopy class [∂Ds] ∈ pi1(F, ∗), where Ds is the
intersection of F and the separating sphere S in S1]S2. That is Ds separates F1
and F2.
Since D is a proper embedding in F , [∂D] is in the kernel of (4.7) and hence is a
product of conjugates of [∂Ds]. On the other hand, since [∂Ds] is also in the kernel
of
pi1(Σ, ∗)→ pi1(E, ∗), (4.8)
[∂D] must be in the kernel of (4.8) as well; this contradicts the fact that D is truly
knottable in S. Therefore, one of S1 and S2 is trivial scene. 
The figure below is a knottable disk of type I in a trivial scene. Blowing-up the
disk by a trefoil produces the complement of the handlebody knot HK 54 (54 in
Ishii’s handlebody knot table).
Figure 4.18. knottable disk of type I
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Lemma 4.5 (Meridian with respect to a knottable disk). Let S = (E,Σ, F )
be a handlebody knot of genus 2 with a truly knottable disk D. Suppose S is prime.
Then there exists a complete system of meridians {m1,m2} such that ∂D intersects
m1 at a single point and m2 ∩ ∂D = ∅. Furthermore, if {m′1,m′2} is another
complete system of meridians with m1 ∩∂D′ a single point and m2 ∩∂D′ = ∅, then
m2 and m
′
2 are homotopic.
Proof. Since (E,Σ, F ) is a prime handlebody knot, D˚ must intersect E at some
proper disks Di in E.
Suppose one of these disks, D1 say, is a meridian disk, then we let m2 be ∂D1,+,
where D1,+ is a parallel of D1; that is if N(D1) is the closure of a tubular neigh-
borhood of D1 in E, than we have
D1,+ ∪D1,− = ∂N(D1) \ Σ.
Cutting off a tubular neighborhood of
⋃n
i=1Di from E, we get a new manifold
E′, which must contain exactly one component homeomorphic to a solid torus, or
otherwise ∂D bounds a disk in E. Furthermore, ∂D must be in the boundary of
this solid torus, so the solid torus is unknotted in S3. Thus, we may let m1 be the
boundary of the meridian disk of the solid torus.
Suppose none of Di is a meridian disk of E, which means they are all separating
disks in E. So, E′, the 3-submanifold in S3 obtained by cutting off N(Di) from
E, must contain two solid tori. One of them contains ∂D, and another does not
intersect with D. Then we may choose m1 to be the boundary of the meridian disk
of the former and m2 the boundary of the meridian disk of the latter.
To see the uniqueness of the meridian m2, we let {m′1,m′2} be another complete
system of meridians satisfying the conditions: m′1 ∩ ∂D is a point and m′2 ∩ ∂D =
∅. Now, attach a 2-handle H to E along a tubular neighborhood of ∂D in ∂E,
Then we get a solid torus, where both m2 and m
′
2 are its meridians. Without
loss of generality, we may assume m2 and m
′
2 are disjoint. So, the meridian disks
corresponding to them cut the solid torus into two 3-balls with one containing
the 2-handle H and another not. The intersection of the latter and Σ induces a
homotopy between m2 and m
′
2 on Σ. 
Definition 4.4 (Associated meridian). We call m2 in 4.5 the associated merid-
ian with respect to the knottable disk D in S.
In view of Lemma 4.5, given a truly knottable disk D in a prime handlebody
knot (E,Σ, F ), we can identify E, via a homeomorphism, with the complement of
a trivial scene of genus 2, H2 ⊂ S3, and ∂D with one of its meridians.
E
H2∂D
m1
m2 E
D,K
H2
∂D
Figure 4.19. Realizing E as the complement of a trivial scene
Then, the 3-manifold ED,K can be identified with the complement of the scene
obtained by blowing-up the disk bounded by ∂D in H2 by a knot K.
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Theorem 4.6 (Meridians into meridians). Let S = (E,Σ, F ), S ′ = (E′,Σ′, F ′)
be connected prime handlebody knots, and D, D′ truly knottable disks in S and S ′,
respectively. Suppose m, m′ are the associated meridians with respect to D in S
and D′ in S ′, respectively. Then any equivalence between the connected scenes SD,K
and SD′,K sends m to m′.
Proof. Firstly, observe that ED,K ' ED′,K have the prime decomposition
ED,K ' T#S3 \N(K) ' ED′,K ,
where N(K) is a tubular neighborhood of the knot K (see Fig. 4.19), and m and
m′ are the meridians of ED,K and ED
′,K induced from the solid torus. By Suzuki’s
theorem [40, 3.4; 3.6], any diffeomorphism between ED,K and ED
′,K sends m to
m′.
Now, any equivalence between SD,K and SD′,K induces a diffeomorphism be-
tween ED,K and ED
′,K and hence m must be sent to m′. 
Example 4.4 (Handcuff). Consider a handcuff graph G (left), and attach two
2-cells (right) to its two circles, respectively:
D′D
The resulting space is a 2-dimensional CW -complex. Now, map the CW -complex
into S3 in such a way that it restricts to an embedding on the 1-skeleton as well
as on each of the 2-cells D and D′, and all intersection between two 2-cells and
intersection between a 2-cell and 1-cells are transversal. In this way, the 1-skeleton
G gives rise to a handlebody knot
SG = (EG, ∂EG, FG),
where EG is the closure of a tubular neighborhood of the embedding of G in S3, and
FG is the closure of its complement. The 2-cells induce two truly knottable disks
in SG, denoted by D and D′.
In general, it is not possible to blow-up D and D′ at the same time as they might
intersect with each other. Let SKG = (EKG , ∂EKG , FKG ) and S ′,KG = (E′,KG , ∂E′,KG , F ′,KG )
denote the connected scenes obtained by blowing-up D and D′, respectively, by a
knot K. Then the 3-manifolds EKG and E
′,K
G ) (resp. (F
K
G and F
′,K
G )) are homeo-
morphic, and hence the connected scenes SKG and S ′,KG are bi-knotted scenes with
homeomorphic components. Whether or not this pair are equivalent depends on
the symmetry of the embedded handcuff graph G.
For instance, for any of the handcuff diagrams HK 41, HK 54, HK 65, HK 67,
HK 610 and HK 616 in [18], there is an obvious isotopy sending the graph to itself
with two circles exchanged. Hence, blowing-up D and D′ results in equivalent
scenes.
On the other hand, by Theorem 4.6, we have the following criterion for inequiv-
alence of SKG and S ′,KG .
Corollary 4.7 (Inequivalence criterion). Suppose SG is prime, and let m and
m′ be the associated meridians with respect to D and D′ in SG. If there is no
self-homeomorphism of FG sending m to m
′, then SKG and S ′,KG are inequivalent,
for any non-trivial knot K.
Proof. Using the homeoomorphism ιK in (4.4), we have the identification
FKG ' FG;F ′,KG ' FG,
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where the first homeomorphism preserves m and the second m′ So, any equivalence
between SKG and S ′,KG induces a self-homeomorphism of FG sending m to m′ by
4.6. 
Corollary 4.7 and the invariant derived from the fundamental span in Section 5
imply the following:
Theorem 4.8 (Inequivalence of Ishii et al’s handcuffs). The connected scenes
obtained by blowing-up disks D and D′ in any of the handcuff graph diagrams HK 51,
HK 61, and HK 611 in [18] are inequivalent.
In particular, using one of handcuff graph diagrams in Theorem 4.8, and blowing
them up by different K, we get a an infinite family of pairs of inequivalent connected
scenes with homeomorphic components.
The only handcuff diagram in Ishii et al.’s handlebody knot table that is not
yet mentioned is HK 62. There, in fact, exists a not very obvious diffeomorphism
sending m1 to m2. The following moves induces an isotopy that swaps two circles
in the handcuff graph diagram HK 62 in Ishii’s handlebody knot table.
D
D´
D
D
D D´
Figure 4.20. Symmetry in HK 62
One can keep track of D and D′ in the moves, and they are isotopic to the disks
bounded by the upper and lower circles in the last (symmetric) handcuff diagram
and hence exchangeable. Notice that it can actually be deformed into an isotopy
of graphs.
4.4. Chirality. Chirality of a connected scene concerns the relation between a
connected scene and its mirror image; the next definition generalizes the notion of
chiral knots.
Definition 4.5 (Mirror image). Given a connected scene S = (E,Σ, F ), its
mirror image mS = {mE,mΣ,mF} is the connected scene defined as follows: mE
is the image of E in S3 under an orientation-reversing self-diffeomorphism of S3,
the orientation of mE is induced from S3, mΣ is the boundary of mE, and mF :=
S3 \mE.
A connected scene S is chiral if S and mS are inequivalent connected scenes; oth-
erwise S is an amphichiral scene.
In the present paper, we shall restrict our focus on the special case of chiral
knots and study the chirality of 942 and 1071 in Rolfsen’s knot table; they are
denoted by K 942 and K 1071 here to avoid confusion with the notation in Ishii et
al.’s handlebody knot table (see Fig. 4.21).
Their chirality cannot be discerned by knot polynomials, such as the Jones poly-
nomial, HOMFLYPT polynomial and Kauffman polynomial. In the next section,
we present a simple invariant, a reinterpretation of Fox’s argument in [13] in terms
of the group span with pairing, that can detect their chirality.
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Figure 4.21. K 942 and K 1071
5. Invariants of an algebraic scene
In Section 4 we use a generalized Motto-Lee-Lee construction and the blow-up
construction to produce many inequivalent connected scenes with homeomorphic
complements. The aim of the section is to devise tools to investigate these examples.
The invariants defined here make crucial use of homomorphisms from pi1(F, ∗) to
a finite group G and various subgroups of pi1(F, ∗) induced from the fundamental
span.
The invariants presented in this section are computable, and the major part
of the computation are carried out by the program Appcontour developed by the
second author [3], [31]. The result of our computation is recorded in Section 5.4.
Given a connected scene S = (E,Σ, F ) and a base point ∗ ∈ Σ, we consider
the set Hom(pi1(F, ∗), G) of homomorphisms from pi1(F, ∗) to a finite group G. It
is clear that this set is independent of the choice of a base point—namely, given
two base points ∗ and ∗′ on Σ, there is a bijection between Hom(pi1(F, ∗), G) and
Hom(pi1(F, ∗′), G). Furthermore, there is a left action of Aut(G) on Hom(pi1(F, ∗), G)
given by the composition, where Aut(G) is the automorphisms group of G. For the
sake of simplicity, we denote the set of all orbits of Hom(pi1(F, ∗), G) under the
action of Aut(G) by
H(F )G.
In some situations it is more convenient to consider other subgroups of Aut(G), for
instance the inner automorphisms of G; the orbit set of Hom(pi1(F, ∗), G) under the
action of the subgroup is also an invariant of S.
The cardinality of the orbit set H(F )G is a strong invariant of connected scenes.
For example, Ishii, Kishimoto, Moriuchi and Suzuki [18] show that most of the han-
dlebody knots up to six crossings can be distinguished by the number of conjugacy
classes of SL(2,Z/pZ)- and SL(3,Z/pZ)-representations of pi1(F, ∗).
However, since H(F )G and its variants depend only on the homeomorphism type
of F , they cannot distinguish the examples in Section 4. A finer invariant taking
into account the interrelation between E, Σ, and F is required to examine these
examples.
5.1. The G-image of meridians of a handlebody knot. In this subsection we
present an invariant of handlebody knots, called the G-image of meridians, which
is derived from the fundamental span and is useful in distinguishing handlebody
knots obtained by the twist construction in Section 4.
Definition 5.1 (Proper homomorphism). Let S = (E,Σ, F ) be a handlebody
knot. A surjective homomorphism φ : pi1(F, ∗)→ G is proper if the composition
φ ◦ iF ∗ : pi1(Σ, ∗)→ pi1(F, ∗)→ G
is not onto. An element α in H(F )G is called proper if α is represented by a proper
homomorphism.
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Definition 5.2 (G-image of meridians). Let S = (E,Σ, F ) be a handlebody knot.
Then the G-image of meridians of S is a set of subgroups of G, up to automorphisms
of G, given by
G -im(S) := {Gα | α ∈ H(F )G is proper} .
where Gα denotes the image of the kernel of iE∗ under the composition φ ◦ iF ∗
under any representative φ ∈ α.
Remark 5.1. Note that G -im(S) is well-defined only up to automorphism of G.
Also, the G-image of meridians of a connected scene is independent of the choice
of a base point.
The definition of G-image of meridians applies to any connected scene. However,
since the kernel of iE∗ is less manageable for a general E, in the present paper we
restrict our attention to the case where E is a 3-handlebody. In this case, the kernel
of iE∗ is the normal closure of meridians of the handlebody knot.
5.2. An invariant for knottable disks. Denote a connected scene S equipped
with a truly knottable disk D by (S, D). Then, given two such pairs (S, D) and
(S ′, D′), one might want to know whether the connected scenes SK = (ED,K ,ΣD,K , FD,K)
and S ′,K = (ED′,K ,ΣD′,K , FD′,K) obtained by blowing up D and D′ by a knot K,
respectively, are equivalent. We define a polynomial invariant for such pairs to
investigate the problem.
Definition 5.3 (G-index). Given a prime handlebody knot S = (E,Σ, F ) with a
truly knottable disk D and a finite group G. The G-index of (S, D) is the polynomial
indG[S, D](x) =
+∞∑
i=1
nix
i,
where ni stands for the number of elements in H(F )G that sends m, the associated
meridian in S with respect to D, to an element of order i in G.
Note that the base point might not be on the associated meridian so, to evaluate
the order of the image of the meridian, one needs to connect the meridian with
the base point by an arc. But changing the connecting arc does not change the
conjugacy class of the image of the meridian in G.
By Theorem 4.6, any equivalence between SK and S ′K must send m, the asso-
ciated meridian in S with respect to D, to m′, the meridian in S ′ with respect to
D′. Hence, we have the following corollary:
Corollary 5.1. Given two irreducible handlebody scenes with truly knottable disks
(S, D) and (S ′, D′), if their G-indices are not the same, then the resulting connected
scenes SK and S ′,K are not equivalent, for any non-trivial knot K.
5.3. An invariant for knot chirality. Any equivalence between two knots S =
(E,Σ, F ), S ′ = (E′,Σ′, F ′) induces an orientation-preserving diffeomorphism from
F to F ′, which sends the meridian [m] (resp. the preferred longitude [l]) in pi1(F, ∗)
to the meridian [m′] (resp. the preferred longitude [l′]) in pi1(F ′, ∗).9 Furthermore,
since it is orientation-preserving, it sends a positively oriented pair ([m], [l]) to a
positively oriented pair ([m′], [l′]). A meridian–longitude pair ([m], [l]) is positively
oriented if its intersection number d([m], [l]) is +1.
Fix a positively oriented pair ([m], [l]) in S and partition the setH(F )G according
to the order of the image of [m] in G:
H(F )G = H(F )1 ∪ ... ∪H(F )n,
9We may choose the base point to be the intersection of the meridian and the longitude and
any equivalence of connected scenes can be deformed to one preserving base points.
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where H(F )i contains those homomorphisms sending [m] to an element of order i
in G.
Now, consider the product [m][l] in pi1(F, ∗) and observe that the isomorphism
induced by an equivalence between S and S ′ sends [m][l] to [m′][l′]. Thus, we can
further partition each H(F )i according to the order of the image of [m][l] in G:
H(F )i = H(F )i,1 ∪ ... ∪H(F )i,ni ,
where H(F )i,j contains those homomorphisms in H(F )i that sends [m][l] to an
element of order j in G; any equivalence between S and S ′ induces a bijection
between the sets H(F )i,j and H(F ′)i,j .
In particular, we have the following:
Lemma 5.2. The set H(F )i,j is an invariant of the knot S = (E,Σ, F ).
Corollary 5.3. If a knot S and its mirror image mS are ambient isotopic—namely
an amphichiral knot, then there is a 1-1 correspondence between the sets H(F )i,j
and H(mF )i,j, for every i, j.
5.4. Using the invariants in practice. Here we present the result of our compu-
tation of the invariants introduced in Section 5. Required appcontour commands
and how they are used to obtain the result are recorded in 5.5.
5.4.1. The G-image of meridians. Let G = A5, the alternating group of degree 5.
Table 1 describes the A5-image of meridians of twisted HK 51’s. It appears that
Table 1. The A5-image of meridians of twisted HK 51’s
Handlebody knots The A5-image of meridians
HK 51 {A4, A4, A4, D10, D10}
−A1-HK 51 {V4, A4 A4, Z/5Z, D10}
+A1-HK 51 {A4, A4, A4, Z/5Z, D10}
−A2-HK 51 {A4, A4, A4, D10, D10}
+A2-HK 51 {V4, A4, A4, D10, D10}
the A5-image of meridians cannot distinguish −A2-HK 51 and HK 51, but in fact,
these two handlebody knots are ambient isotopic as shown in Fig: 5.1. Contrary to
the families of handlebody knots in [29] and [21], the family of handlebody knots
constructed by twisting HK 51 along A2 contains both equivalent and inequivalent
handlebody knots.
Figure 5.1. Equivalence between −A2-HK 51 and HK 51
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Table 2. The A5-image of meridians of twisted HK 62’s
Handlebody knots The A5-image of meridians
HK 62 {D10, D10, D10, V4}
+A1-HK 62 {A4, D10, D10, D10}
−A1-HK 62 {A4, D10, D10, D10}
+A2-HK 62 {A4, D10, D10, Z/5Z}
−A2-HK 62 {A4, D10, D10, Z/5Z}
Table 2 presents the A5-image of meridians of twisted HK 62’s. Among these
handlebody knots +A1-HK 51 and −A1-HK 62 have crossing number 7 because no
other handlebody knot in Ishii et al.’s handlebody knot table, except for −A1-
HK 51, which is HK 64, has its complement homeomorphic to the complement of
HK 51; similarly, except for HK 62, no handlebody knots in the handlebody knot
table has its complement homeomorphic to the complement of −A1-HK 62. There-
fore, we have proved Theorem 4.1.
5.4.2. The G-index of truly knottable disks. We have
Handlebody knot, The S4-index The A5-index
knottable disk
(HK 51,D
′) 5x+ 20x2 + 14x3 + 12x4 4x+ 14x2 + 21x3 + 22x5
(HK 51,D) 5x+ 22x
2 + 10x3 + 14x4 4x+ 15x2 + 16x3 + 26x5
(HK 61,D
′) 5x+ 20x2 + 14x3 + 12x4 4x+ 24x2 + 22x3 + 27x5
(HK 61,D) 5x+ 18x
2 + 18x3 + 10x4 4x+ 15x2 + 28x3 + 30x5
(HK 611,D
′) 5x+ 18x2 + 10x3 + 10x4 4x+ 11x2 + 11x3 + 16x5
(HK 611,D) 5x+ 18x
2 + 10x3 + 10x4 4x+ 19x2 + 13x3 + 6x5
D'
D
D
D'
D'
D
Figure 5.2. D and D′ in HK 51, HK 61, and HK 611
From the table above we can see that for the handlebody knot diagrams HK 51
and HK 61, the S4-index can already distinguish the bi-knotted scenes obtained by
blowing up D and D′, but for HK 611, we need the A5-index to see that blowing up
D and blowing up D′ induce different bi-knotted scenes. Note that the A4-index
can distinguish none of them.
5.4.3. Knot chirality. To illustrate how one can use Corollary 5.3 to detect knot
chirality, we consider the right-hand trefoil K and its mirror image mK:
x1 x2 y1
y2
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They have isomorphic fundamental groups:
pi1(K) =< x1, x2 | x2x1x2 = x1x2x1 >;
pi1(mK) =< y1, y2 | y2y1y2 = y1y2y1 > .
Since different base points are connected by an ambient isotopy, without loss of
generality, we may assume the base points are on the arc labeled with x1 and y1,
respectively. The corresponding meridian-longitude pairs are (x1, x2x1x
−1
2 x1x2x
−3
1 )
and (y1, y
−1
2 y
−1
1 y2y
−1
1 y
−1
2 y
3
1).
Now, up to automorphisms of A5, there is only one homomorphism from pi1(F, ∗)
to A5 given by
x1 (resp. y1) 7→ (12345);
x2 (resp. y2) 7→ (13542),
where F is the complement of a tubular neighborhood of K and ∗ ∈ ∂F .
In particular, this implies that H(F )5 contains only one element. Computing
the image of the product of the meridian and longitude in A5 for each of them, we
further get
x1x2x1x
−1
2 x1x2x
−3
1 7−→ (1);
y1y
−1
2 y
−1
1 y2y
−1
1 y
−1
2 y
3
1 7−→ (13524),
respectively. Hence the right-hand trefoil has non-trivial H(F )5,1, whereas the
left-hand trefoil has non-trivial H(F )5,5, so they are not equivalent.
Remark 5.2. Fox’s proof of inequivalence of the granny knot Kg = (Eg,Σg, Fg) and
the square knot Ks = (Es,Σs, Fs) [14, p.39] can also be translated in terms of the
invariant H(F )i,j . Their inequivalence follows from the fact that H(Fs)5,1 contains
only one element but H(Fg)5,1 contains two.
In a similar manner, we may compute the orbit setH(F )A5 for K 942 = (E,Σ, F );
by the result of computations in Appcontour, H(F )A5 consists of seven elements,
and three of them are in H(F )3: they send ([m], [l]), the meridian–longitude pair
in K 942, to ((3, 4, 5), ()), ((2, 3, 5), ()), ((1, 4, 5), (1, 4, 5)), respectively. So, H(F )3,3
contains three elements. The third representation corresponds to the representa-
tion sending the meridian-longitude pair in mK 942 to ((1, 4, 5), (1, 5, 4)), and hence
H(mF )3,3 contains only two elements.
In the case of K 1071 = (E,Σ, F ), G = A5 or S5 is not large enough to see its
chiraliy, and we need to consider H(F )A6 . Computations in Appcontour show there
are three elements in H(F )5 and three in H(F )4. These representations induce the
following assignments of ([m], [l]), the meridian–longitude pair of K 1071:
([m], [l]) 7−→ ((23456), ())
7−→ ((15246), (15246))
7−→ ((16425), (16425))
([m], [l]) 7−→ ((12)(3456), ())
7−→ ((16)(2345), (16)(2345))
7−→ ((1362)(45), (1362)(45))
This implies that H(F )5,5 contains three elements and H(F )4,2 two elements,
whereas, in mK 1071, there is only one element in H(mF )5,5 and none in H(mF )4,2.
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5.5. Using appcontour. The computer software appcontour [31] is a tool orig-
inally developed to deal with “apparent contours”, i.e. drawings that describe
smooth solid objects by projecting fold lines onto a plane.
It was recently extended by adding the capability of computing homomorphisms
of groups described by group presentation to a finite group as mentioned in the
beginning of Section 5.
As an example, we can count the number of representations of handlebody knot
HK 51 in the alternating group A5 with the command
$ contour --out ks_A5 HK5_1
Result: 61
with the counting done in A5 up to conjugacy by a permutation in S5.
Unfortunately, the computation of pi1(F, ∗) performed by appcontour gives a
presentation with no information about the correspondance of the generators with
actual loops in F . For example, for HK 51 we get the following presentation of
pi1(F, ∗)
$ contour --out fg HK5_1
Finitely presented group with 3 generators
<a,b,c; abAcaBAbCbcB>
with no information about the loops corresponding to the three generators. Here
capital letters are used as a quick way to refer to the inverse of the generators.
For this reason we need to carefully construct by hand an analogue of a Wirtinger
presentation of our scene. For instance, for HK 51, we could use the one shown in
Fig. 5.3 (left).
a
e f
b
c
d
a
b
c
d
e
f
g
Figure 5.3. Wirtinger presentations of HK 51 and HK 62
The syntax that can be fed to the software is as follows:
fpgroup <a,b,c,d,e,f; baCA,faDA,feDAd,acEC,BcFDf; b,FADadaf,A,FACdaf>
where we have the possibility to add a list of selected elements—elements after the
second semicolon—that allows us to keep track of specific elements in pi1(F, ∗). Here
selected elements #1 (b) and #2 (FADadaf)10 (m1 and m2 below) correspond to the
meridians of HK 51 induced by the two circles in the handcuff graph diagram (Fig.
5.3, left); selected elements #3 and #4, denoted by l1 and l2 in the following, are
induced by the two circles, which are the other two generators of the fundamental
group of ∂E that pair with #1 and #2, respectively.
10The base point is chosen near the letter b in the diagram, so that the second meridian
(generator a) requires a connecting path from the base point (FAD) and then back to the base
point (daf) along the curve connecting the circles of the handcuff.
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We create a file named, say, HK5 1.wirtinger containing the description above
to be used as input to appcontour and ask for the description of all elements in
H(F )A5 with
$contour ks_A5 HK5_1.wirtinger -v
which results in a long list of all 61 homomorphisms described by indicating the
image of the three generators followed by the corresponding image of the four
selected elements.
To get the table 1, we locate the proper homomorphisms in H(F )A5 :
[...]
====== Homomorphism #10 defined by the permutations:
(3 4 5)
(2 3 4)
(1 3)(2 4)
Selected element #1 -> (2 5 4)
Selected element #2 -> (2 4 3)
Selected element #3 -> (2 3 5)
Selected element #4 -> (2 4)(3 5)
[...]
====== Homomorphism #12 defined by the permutations:
(3 4 5)
(2 3 5)
(1 2)(3 5)
Selected element #1 -> (2 3 5)
Selected element #2 -> (2 5 3)
Selected element #3 -> (2 4 5)
Selected element #4 -> (2 4 5)
[...]
====== Homomorphism #28 defined by the permutations:
(2 3)(4 5)
(3 4 5)
(1 5)(3 4)
Selected element #1 -> (2 5)(3 4)
Selected element #2 -> (3 5 4)
Selected element #3 -> (2 4 5)
Selected element #4 -> (2 3 5)
[...]
====== Homomorphism #32 defined by the permutations:
(2 3)(4 5)
(1 2)(3 4)
(1 4 5 3 2)
Selected element #1 -> (1 5)(2 4)
Selected element #2 -> (1 5)(2 4)
Selected element #3 -> (1 3)(2 5)
Selected element #4 -> (1 3 5 4 2)
[...]
====== Homomorphism #48 defined by the permutations:
(1 2 3 4 5)
(2 5)(3 4)
(1 2 4 3 5)
Selected element #1 -> (1 5 4 3 2)
Selected element #2 -> (1 3)(4 5)
Selected element #3 -> (1 4)(2 3)
Selected element #4 -> (1 4)(2 3)
[...]
As an example, the first entry in table 1 is the normal closure of the group generated
by m1 and m2 of homomorphism #10 in the group generated by m1, m2, l1, l2,
which in this case coincide and are isomorphic to A4.
To compute the A5-image of meridians for each of the twisted HK 51s in Fig.
4.4 and 4.6, it suffices to know the image of the meridians in a complete system of
meridians under the proper homomorphisms. We may choose the complete system
of meridians induced from Fig. 4.4 and 4.6 (regarded as handcuff graph diagrams)
and use the twist construction to identify these meridians with elements in the
fundamental group of the closure of the complement of HK 51 as follows:
m−A11 99K m1 m−A21 99K m−11 l−11 m1
m−A12 99K m2l2 m−A22 99K m2l2m2
m+A11 99K m1 m+A21 99K l1m1m1
m+A12 99K m2l−12 m+A22 99K l−12 .
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This enables us to compute the A5-image of meridians for twisted HK 51 using
proper homomorphisms from the fundamental group of the complement of HK 51
to A5.
Similarly, running the command
$ contour ks_A5 HK6_2.wirtinger -v
where file HK6 2.wirtinger contains the Wirtinger presentation of HK 62 in Fig.
5.3 (right), we can get proper homomorphisms of the fundamental group of the
complement of HK 62 to A5. Table 2 can then be completed by identifying the
meridians in the complete systems of meridians of twisted HK 62’s in Fig. 4.9 and
4.10 (viewed as handcuff graph diagrams) with combinations of m1, m2, l1, and l2,
meridians and two circles in Fig. 5.3 (right), of HK 62 using the twist construction:
m−A11 99K m1 m−A21 99K m1m1m1l1
m−A12 99K m2l2 m−A22 99K m−12 l−12
m+A11 99K m1 m−A21 99K m1l−11 m−11 m−11
m+A12 99K m2l−12 m+A22 99K m2l2m2m2.
In fact, for A2-twisted HK 62 as well as A2-twisted HK 51, it is easier to represent
m±A2i in terms of l˜1 and l˜2, the boundary of A2, instead of l1 and l2.
The S4-index and the A5-index for a knottable disk in a prime handlebody knot
can also be computed using the same command
contour ks G file-containing-{group presentation; selected elements}
with one of the meridians m corresponding to the associated meridian of the knot-
table disk in the selected elements. In our case, we could arrange the selected
meridians to be the associated meridians of the two knottable disks induced from
a handcuff graph diagram. One could add the multiple of i copies of m as an extra
relator to get the coefficient of xi directly.
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